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Triple ionization of molecular systems is investigated theoretically by means of the three-particle
propagator. This enables us to efficiently calculate the very dense triple ionization spectra. To be
able to interpret these spectra an atomic three-hole population analysis is developed which provides
information about the charge distribution in the molecular trication. In exemplary applications on
CO and a series of fluorides the use of the approach is demonstrated. A large number of triply
ionized electronic states are energetically accessible in the available particle impact ionization
experiments and it is shown that many of these states contribute to the observations. Triply ionized
states are also produced by Auger decay. In particular, shake-off satellite lines of molecular Auger
spectra can be reproduced using the triple ionization energies from the propagator calculation and
an estimate of the transition rates based on the three-hole population analysis. In general a
dramatically growing complexity of the triple ionization spectra with increasing molecular size is
demonstrated. In spite of this complexity the three-hole population analysis is of valuable help for
the interpretation of the spectra and often a simple picture in terms of various hole-localization
patterns arises. ©1996 American Institute of Physics.@S0021-9606~96!01422-5#
I. INTRODUCTION
Processes which result in multiply charged molecular
cations have gained growing importance in recent years. The
multiple ionization of molecules is an interesting example of
a transition process within a many-particle system which,
because of the strength of correlation effects, often cannota
priori be understood in a simple independent particle picture.
The study of the multiple ionization of molecules can pro-
vide useful information, for example, about the electronic
structure, correlation effects, and the nature of the chemical
bond. Triply charged cations represent the final states of
many electronic processes and therefore often play a relevant
part in ionization experiments.1–7
Triply ionized molecules can be produced in various ex-
perimental arrangements. Multiple photoionization1 became
possible with the availability of powerful photon sources like
synchrotrons or intense lasers. From particle accelerators
beams of fast heavy ions are obtained which are used to
study multiple ionization of molecules.2–5 Furthermore also
electron impact on molecules can lead to multiply ionized
final states.6,7 Because of the strong repulsion of the positive
charges, the removal of three or more electrons from a mol-
ecule usually leads to a fragmentation or coulomb explosion
of the resulting cation. Sophisticated experiments, in which
some~or even all! fragments of the dissociation after ioniza-
tion are detected in coincidence, give a detailed picture of
these processes.
Another type of experiment which involves triply ion-
ized final states is Auger spectroscopy.8,9 For example, if
simultaneously with the creation of the core hole a second
electron has been ionized in the initial state of the Auger
transition, the final states after decay are mostly triply ion-
ized. From the shake-off processes Auger satellite lines can
arise in the experimentally obtained spectra. The assignment
of these lines can be of fundamental importance for a correct
interpretation of the resulting spectra.
The experimental progress made in recent years is not
yet sufficiently counterbalanced by accurate theoretical stud-
ies which can, besides their relevance by themselves, be of
great help for the correct interpretation of the experimental
results. Because of the enormous number of tricationic states
and possible strong correlation changes and charge localiza-
tion effects after the loss of three electrons,ab initio calcu-
lations of triply ionized molecular systems are quite in-
volved. Conventional independent particle methods such as
self-consistent field calculations yield results of unsatisfac-
tory accuracy. More sophisticated methods, like
configuration-interaction~CI! calculations, rapidly become
prohibitively expensive for moderately large systems. Less
conventional methods based on Green’s functions,10 which
allow for the direct calculation of the transition observables
without resorting to separate calculations for the initial and
final states, can therefore be viewed as suitable instruments
for the theoretical investigation of multiply charged cations.
They have been successfully applied in the study of single11
and double9,12–14ionization of molecules.
The quantity suitable for the analysis of triple ioniza-
tion processes within the Green’s functions approach is the
three-particle propagator. In this work we report on the use
of the second-order algebraic diagrammatic construction
~ADC!15–18 approximation of this quantity for the study of
the triple ionization of molecules. In Sec. II we describe the
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theoretical basis and some technical facts of our method.
This includes the implementation of the second-order work-
ing equations given in Ref. 18 and the development of the
atomic three-hole population analysis, which allows the in-
vestigation of space localization of electron vacancies and of
the charge distribution in the dense manifold of trication
states. Section III contains exemplary applications which
demonstrate that the presented method is very suitable for
the theoretical study of triply ionized molecular systems and
is helpful in the interpretation of experimental findings.
II. THEORY
In this section we briefly review the theoretical basis of
our method, starting with some facts about the three-particle
Green’s function, which are of relevance for the present
work. Then the ADC approximation of the three-particle
propagator and the implementation of the second-order ADC
working equations for this propagator, which allow the effi-
cient calculation of a large number of triply ionized states,
are discussed. Finally we report on the population analysis of
the Green’s function three-hole pole strengths which gives,
for each triply ionized state, a measure of the spatial distri-
bution of charges over the trication.
A. Three-particle propagator
The three-particle Green’s function in its general form is
given by a time-ordered expectation value of three creation
and three annihilation operators,18
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N& is the exactN-particle ground state andT the
Wick’s time-ordering operator.10 The creation (aa
†) and an-
nihilation (aa) operators in the Heisenberg representation
are related to a suitable basis of single-particle states. In
dealing with molecular systems these states are commonly
chosen as the molecular orbitals from a self-consistent field
calculation for the ground state of the neutral molecule.
The three-particle Green’s function can be divided into
different parts, one of which describes the transition pro-
cesses from theN-particle system to the (N23)-particle sys-
tem. A particular choice of time arguments leads to that part
of the three-particle propagator which describes the simulta-
neous ejection of three particles from theN-particle ground
state. For a time-independent Hamiltonian the Fourier trans-
form yields the following spectral representation of the quan-
















(N23)& is the complete set of eigenstates of the
Hamiltonian in the (N23)-particle space. The triple ioniza-





give the triple ionization potentials~TIPs!, i.e., the energy
differences between the (N23)-particle statesuCm
(N23)& and
theN-particle ground stateuC0
N&. The corresponding transi-
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states is complete, Eq.~2! can be rewritten without referring









Here Ĥ is the Hamiltonian of the system.
B. ADC approximation
Equation~5! is the starting point for the derivation of a
second-order approximation scheme forP~v! which has
been carried out in Ref. 18. Two different methods, the ADC
approximation15,16 and a purely algebraic approach,19 were
shown to yield equivalent working equations represented in
different forms. Our implementation is based on the working
equations as they are obtained from the ADC approach,
which will be briefly described in the following.
The ADC method is a general constructive approach to
the derivation of order-by-order terms in the perturbation ex-
pansion of the Green’s function. It was first applied to the
polarization propagator15 and to the one-particle Green’s
function.16 A particular nondiagonal representation of the
propagator is the central point of the ADC approach. Re-
cently a closed form expression for the transformation be-
tween this ADC representation and the diagonal representa-
tion has been derived.17
The three-particle propagator is expressed in the follow-
ing nondiagonal representation of the general expression in
Eq. ~5!:
P~v!5f†~v2K2C!21f. ~6!
The matrixK is the diagonal matrix of zeroth-order energy
differences,C is an effective interaction matrix, andf is the
matrix of effective transition amplitudes. The configuration
space of these matrices is the (N23)-particle space. An ap-
proximation for the three-particle propagator is obtained by
expanding Eq.~5! in power series of the matrix~v2K !21C
using perturbation expansions of the matricesf andC. By
comparing order by order this expansion with the corre-
sponding diagrammatic expansion in terms of Goldstone dia-
grams the matrix elements of the matricesK , C, and f are
derived in Ref. 18 up to and including the second order of
perturbation. For a given approximation of these matrices the
inversion problem of Eq.~5! is equivalent to the eigenvalue
problem15,16
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~K1C!X5XV. ~7!
HereV is the diagonal matrix of the eigenvalues, which are
the TIPs of the system under investigation, and the transition
amplitude to thenth triply ionized state, described by the
eigenvectorX~n!, is given byf†X~n!.
The nth-order ADC scheme, which is given by the ex-
pansion ofC and f up to nth order, represents an infinite
partial summation for the diagrammatic perturbation expan-
sion being exact up tonth-order perturbation theory. In the
ADC approach the required configuration space is smaller
than that of a comparable CI expansion and grows consider-
ably slower with increasing ordern. For n52m and
n52m11 the ADC configuration space comprises them11
lowest classes of excitation. In the second-order ADC
scheme for triple ionization this means all three-hole (3h)
and four-hole–one-particle (4h1p) configurations. A com-
parable CI expansion also requires 5h2p configurations. Of
particular relevance for the applications to large systems is
that the ADC scheme is size consistent in each order.
With the second-order ADC working equations given in
Ref. 18 the main states, perturbatively derived from 3h con-
figurations, are treated consistently at second order of pertur-
bation theory but terms to infinite order are included in a
systematic way. The secondary states are treated consistently
at first order, again including systematically terms to infinite
order. To build up the corresponding ADC matrix based on
Hartree–Fock~HF! spatial orbitals these equations, which
were given in spin orbitals, are for convenience transformed
into a spin-free notation. This is done by writing each con-
figuration as a product of a spatial part and a spin eigenfunc-
tion. Starting from a closed shellN-particle ground state
there are up to ten spin eigenfunctions for a 4h1p configu-
ration of the trication, one sextet, four quartets, and five dou-
blets. For each multiplicity and each molecular symmetry
there is a separate ADC matrix. Because the sextet states
arise only from the 4h1p space these are not computed.
Each 3h and 4h1p configuration of HF spatial orbitals gives
rise to a small block~up to 535 for doublet configurations
with five singly occupied spatial orbitals! of the ADC matrix.
Only for very small systems can the resulting ADC ma-
trices be fully diagonalized by standard routines. For larger
matrices we use carefully optimized diagonalization routines
based on block Lanczos20,21 or block Davidson21 algorithms
to extract a large number of eigenvectors and eigenvalues.
C. Population analysis
To investigate the distribution of charges in the dense
manifold of the triply ionized final states and the space lo-
calization of the electron vacancies we use a Mulliken-like
population analysis22 of the 3h pole strength. This kind of
analysis was successfully applied to doubly ionized states
and it was shown to be very useful in the theoretical simu-
lation of Auger spectra and in particular in gaining deeper
insight into the influence of charge distribution and localiza-
tion effects on these spectra.12–14 In the following we de-
scribe the extension of this method to the 3h population
analysis of tricationic states.
To obtain a measure of the spatial distribution of charges
over the trication for each triply ionized state the 3h compo-
nent of the corresponding eigenvector~here this will be the
ADC eigenvector of the triply ionized state! is analyzed in
terms of the atomic orbital~AO! basis. This is done by first
expanding the spin adapted 3h configuration in the AO ba-
sis:








The superscriptsd andq denote doublet or quartet spin mul-
tiplicity, respectively,i , j , k are hole indices, andp, r , ands
label AO basis functions. For a configurationpps there is no
quartet state, therefore the second sum in Eq.~8! is zero for
quartet states. Fori. j.k there are two doublet spin func-
tions and the left-hand side of Eq.~8! is a two-component
vector ~containing the two 3h configurations with the same
spatial orbitals and different spin functions!. In this case
Uprs,i jk
(d) (p.r.s) is a 232 matrix. The matrix elements of
U(d) andU(q) can be expressed in terms of the HF eigenvec-




we obtain, for example, fori. j.k andp.r.s
Uprs,i jk
~d! 5S p~ i jk !~prs!2 12 ~p~ i jk !~rps!1p~ i jk !~srp!! A32 ~2p~ i jk !~rps!1p~ i jk !~srp!!A3
2
~2m~ i jk !~rps!1m~ i jk !~srp!! m~ i jk !~prs!1
1
2




~q! 5m~ i jk !~prs!2m~ i jk !~rps!2m~ i jk !~srp!,
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with
p~ i jk !~prs!5cpi~cr j csk1cs jcrk!,
~11!
m~ i jk !~prs!5cpi~cr j csk2cs jcrk!.
Similar expressions are obtained for the other cases~i5 j
and/orp5r ! which are not reported here.
The orthonormality condition of the molecular orbital
functions gives
U†OU51, ~12!
whereO is the overlap matrix over the AO functions.O can
be expressed in terms of the basis set overlap matrixS. We





Again, the similar expressions for the other cases are not
given here.
A generic eigenvectorXn of the nth tricationic state can
be represented in terms of AO functions:
Yn5UXn . ~14!










The summation in the last two equations is over all possible
3h functions, i.e.,p.r.s and p5rÞs. As already men-
tioned above,Xn is the ADC eigenvector in our approach.
Equation ~16! provides a general, well-defined way to
analyze the tricationic states in terms of atomic contribu-
tions.Qprs,n is interpreted as the contribution of the function
uprs& to the total 3h weight of thenth state and the sum of
all termsQprs,n where uprs& is characterized by the same
localization pattern which gives the pole strength for this
pattern. With the term localization pattern we refer to the
various possibilities of localization of the three holes at dif-
ferent atomic sites. These are theone-site terms, with all
three holes at the same atomic site, thewo-site and the
three-siteterms with the holes located at two or three differ-
ent atomic sites, respectively. For a three-atomic molecule
XYZ the one-site terms areX23, Y23, and Z23, and the
one-site pole strength of the atomX is the sum of all terms
Qprs,n , wherep, r , ands refer to basis functions centered on
X. Similarly, the two-site pole strengthX22Y21 is the sum
of all terms with two basis functions centered onX and one
centered onY, and the three-site pole strengthX21Y21Z21
is the sum of all terms where each of the three atomic basis
functions is centered on a different atom.
For the actual implementation Eq.~16! is rewritten in a
different form to allow a more efficient computation and to
avoid storage of the possibly huge matrixU:
Qprs,n5S (
@ i jk #







@ i jk #
(
@ lmn#




@ i jk #
(
@ lmn#
Xi jk ,nXlmn,nWijk ,lmn
~prs! , ~17!
where the last equation defines the matrixW. This matrix
has the dimension of the number of 3h states, which is usu-
ally relatively small compared to the full dimension of the
configuration space, and can be expressed in terms of the
matrix elements of the HF eigenvector matrixC and the
basis set overlap matrixS. In Eq.~17! there is a matrixW for
each configurationuprs&, butW is the only quantity which
depends on the basis set configurationuprs& and we are only
interested in the sums over all contributions with the same
localization pattern. Therefore we can carry out the summa-
tion over all configurations with the same localization pattern
in Eq. ~17! before multiplying with the eigenvectorsX and
only few relatively small matrices~as many as the number of
different localization patterns! are needed to carry out the
three-hole population analysis for all eigenvectors.
III. APPLICATIONS
The main purpose of the present work is the application
of the theoretical methods described above to the compara-
tive study of the valence triple ionization spectra of a series
of related molecules. Given the possibility of computing vast
portions of these spectra opened up by the Green’s function
method, a relevant subject of investigation appears to be the
charge distribution patterns one may observe in the dense
tricationic manifolds, how these affect the energy distribu-
tion of the states, and how they vary with related chemical
environments. Ionic systems where hole localization effects
may be expected to be particularly pronounced, and thus
where simple physical models may guide our learning, ap-
pear to be appropriate examples in this respect and we have
chosen to study the series of fluorides LiF, BeF2, and BF3.
As mentioned in Sec. I, the theoretical study of triple
ionization spectra is of valuable help for the understanding of
a variety of experimental observations where trications are
directly or indirectly measured. For completeness, before
discussing the main results of the present application, we
begin this section by briefly reviewing two previous studies
that illustrate some of these aspects of our work.
A. Energy distribution of triply ionized states, CO
In our first example we discuss the importance of taking
into account a very large number of triply ionized states in
the interpretation of triple ionization experiments~very
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likely, the corresponding is also true for experiments involv-
ing even higher ionized states!. Triple ionization of mol-
ecules generally leads to the dissociation of the resulting tri-
cation and the two or more fragments are often observed in
coincidence. The measured quantities are the masses and
charges of the fragments and their kinetic energies. The ex-
perimental findings1–6 are usually interpreted by calculating
the potential energy curves of a few energetically low lying
dissociating states or by adopting a Coulomb explosion
model in which the individual fragments are treated like
point charges repelling each other by the Coulomb interac-
tion. Because the density of the tricationic states is consider-
ably high even for quite small molecules a large number of
states are accessible in these experiments. In the following
we shall demonstrate, by example of the triple ionization of
CO, that this large number of states actually contributes to
the experimental results and therefore their interpretation
cannot safely be based on the consideration of only a few
tricationic states.
In a recent coincidence measurement of the dissociation
products of CO31, obtained by electron impact, the triple
ionization cross section has been determined.7 It has been
found23 that this cross section can be reproduced quite satis-
factorily using only the energy distribution of the TIPs cal-
culated by the ADC method. In the very simple model, that
each tricationic state contributes to the cross section with the
same, energy-independent value above the corresponding
triple ionization threshold, the triple ionization cross section
is given bys(E) } N(E)/A(E), whereN(E) is the integrated
density of states andE is the impact energy.23 This very
crude approximation of equal and energy-independent con-
tributions to the cross section is certainly not correct for any
individual state but is assumed to be reasonable as an aver-
age over a large number of states. Figure 1 shows the theo-
retical triple ionization cross section computed withN(E)
obtained from an ADC calculation in a triple-zeta valence
[5s,3p] contracted Gaussian basis set augmented with oned
function on each atom24 using the equilibrium bond distance
of the CO ground state.25 For comparison the experimental
result ~the sum of the two dissociation channels C211O1
and O11O21! of Spekowius and Brehm7 is also shown in
Fig. 1. A second theoretical curve which accounts for the
higher probability to produce states dominated by the 3h
configuration23 is also given. The fact that our theoretical
results correspond nicely to the experimental cross section
suggests that the shape of the cross section is essentially
dictated by the form of the dense energy distribution of triply
ionized states. This implies that not only a few low lying
tricationic states but a very large number of them must be
populated in the ionization process.
From direct triple ionization experiments also more de-
tailed information on the actual dynamics of fragmentation
of the molecular trications is obtained. Of course, to interpret
these results the calculation of vertical triple ionization tran-
sitions does not suffice, as the nuclear dynamics on the enor-
mous number of populated potential energy surfaces is in-
volved. Our calculations do, however, indirectly provide
some useful information. The population analysis of the tri-
ply ionized states of CO after vertical ionization shows23 that
the three holes in essentially all states are largely delocalized,
whereas all the experiments consistently indicate a large pre-
dominance of the C211O1 dissociation channel over the
C11O21 one. This is a clear indication of strong nonadia-
batic coupling among the densely packed potential energy
curves on which the nuclear dynamics of dissociation pro-
ceeds.
B. Shake-off satellites in Auger spectra, LiF
Our next example is dedicated to molecular Auger spec-
tra and in particular to the shake-off satellite lines of these.
Shake-off or shake-up satellite lines arise if in the interme-
diate core hole state, which is decaying via an Auger process,
a valence electron has also been ionized or excited, respec-
tively. These satellite lines can carry a significant portion of
the Auger intensity so that their correct assignment becomes
crucial for the interpretation of the spectrum. Triply ionized
states are the final states of shake-off transitions and beside
the sufficiently accurate calculation of the TIPs an estimate
of the intensities is needed for a theoretical reproduction of
the spectrum. In principle, the continuum wave that de-
scribes the emitted Auger electron must be computed to ob-
tain the Auger transition rates.26 This is quite involved and
up to now is feasible only for rather small systems. On the
other hand, the large number of final states not only makes
the accurate calculation of individual transition rates very
difficult ~or even impossible! but also allows a statistical
approach27 which is feasible for large molecules. For the
normal Auger transitions to dicationic final states it has been
shown12–14 that this method together with an atomic popula-
tion analysis22 gives satisfactory estimates of the relative in-
tensity distributions. Because the triply ionized states are
FIG. 1. Electron impact total triple ionization cross section of carbon mon-
oxide. The solid line is the theoretical result obtained by giving each state
the same, energy independent, triple ionization probability. For the dashed
line a 50 times higher triple ionization probability is assumed for the 3
configurations with respect to the 4h1p configurations. The diamonds are
the experimental results~Ref. 7! obtained by summing the data for the two
dissociation channels.
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even more numerous than the dicationic states this approach
is well suited for the calculation of shake-off contributions to
molecular Auger spectra.
The Auger spectrum of LiF in gas phase has been mea-
sured by means of electron-beam excitation.28 It shows sev-
eral satellite bands and the integrated Auger satellite inten-
sity of this spectrum was found to amount to 25%.28 Using
the triple ionization energies calculated by the ADC method
and the estimate of the intensity distribution based on a
three-hole population analysis the satellite lines of the Auger
spectrum of LiF can be reproduced.29 Figure 2 shows the
theoretically simulated spectrum together with the experi-
mental spectrum of Hotokkaet al.28 For the theoretical spec-
trum the double and triple ionization potentials have been
computed by the second-order ADC approximation in a
[4s,2p] contracted Gaussian basis set augmented with a 1d
polarization function~double zeta polarization basis, DZP30
and the experimental equilibrium distance25 of the neutral
LiF ground state has been used. The intensities of the normal
Auger transitions have been taken from the calculation of
Zähringeret al.31 For the shake-off transitions four interme-
diate decaying states with a core and a valence hole have
been considered which are assumed to be nonstatistically
populated with the triplet–singlet population ratio from the
similar neon atom of 1.36.32 The intensity distribution for
these transitions has been estimated by attributing to each
transition a contribution proportional to the F23 one-site pole
strength. All these contributions have been adjusted by one
common factor to account for the lower probability of the
shake-off transitions compared to the normal Auger transi-
tions. The individual transitions, indicated in Fig. 2 by ver-
tical bars of height corresponding to their estimated intensity,
are convoluted by Gaussian functions to obtain the theoreti-
cal spectrum. The convolution accounts qualitatively for the
broadening of the bands due to nuclear dynamics. An accu-
rate estimate of nuclear dynamics effects due to the finite
lifetime of the decaying states, beyond the scope of this first
application, could be achieved by the methods developed in
Ref. 33.
It can be seen from Fig. 2 that the overall agreement
between theory and experiment is satisfactory. The previ-
ously unassigned experimental feature corresponding to peak
8 of the theoretical spectrum is nicely reproduced. This ex-
ample shows that the calculation of shake-off contributions
to molecular Auger spectra with the method described here is
of sufficient accuracy to be of valuable help in the interpre-
tation of experimental spectra and yet requires such a mod-
erate computational effort that it is applicable to not only the
smallest molecular systems.
C. The fluorides LiF, BeF 2, and BF 3
We now turn to our main application in this work, the
investigation of the triple ionization of the fluorides LiF,
BeF2, and BF3, comparing the results for the individual mol-
ecules with each other. The choice of these fluorides appears
at the outset to be an appropriately simple example in order
to familiarize with and establish guidelines for the study of
triple ionization in molecules: these three molecules are ionic
and hole localization effects are expected to be clearly vis-
ible. The analysis of the double ionization spectra of poly-
fluorides has demonstrated13,22 that the two-electron vacan-
cies in the dicationic states are strongly localized around the
fluorine atoms, giving rise to two main classes of states char-
acterized astwo-site, where each of a pair of fluorine atoms
carry one hole, andone-site, where both vacancies are local-
ized mostly on a single fluorine. Some remarkable conse-
quences of this charge distribution character on the cluster-
ing in energy and spectroscopic properties of the dicationic
states have been studied in detail.13,22 The additional hole
present in triply ionized states enriches this picture giving
rise to more charge distribution patterns, depending on the
number of fluorine atoms present, and to different interplays
among them. We would like to establish if and when the
presence of a third vacancy induces delocalization of the
charges and if, at the other extreme, localization of all three
holes at the same electronegative site may take place. The
latter one-site localization would then characterize the prin-
cipal class of states in LiF. In BeF2 the additional class of
two-site states, with two holes localized at one fluorine and
one hole at the other, should be observed. Finally, in BF3,
three-sitestates~each fluorine carrying one vacancy! also
enter the picture. It is also very interesting to analyze to what
extent in the triply ionized states, or parts of their spectra,
with respect to the double ionization case, the charge distri-
bution affects the central atom.
All calculations reported in this section have been car-
ried out using the DZP basis set and the geometry of the
respective neutral ground states. The BeF2 molecule is linear
with symmetryD`h and BF3 is planar with symmetryD3h.
FIG. 2. The experimental~upper! ~Ref. 28! and theoretical~lower! Auger
spectrum of LiF. The individual transitions are indicated by vertical bars
with solid lines for transitions to doubly ionized final states~normal Auger!
and dotted lines for transitions to triply ionized final states~shake-off!. The
heights of the bars correspond to the intensities of the transitions which are
given in arbitrary units. To obtain the theoretical spectrum the intensities of
the individual transitions are convoluted with Gaussian functions of full
width at half-maximum of 1.0 eV for transitions to dicationic final states and
2.0 eV for transitions to tricationic final states. A triplet–singlet population
ratio of 1.36~Ref. 32! is used for the intermediate states of the shake-off
transitions.
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The experimental bond lengths of 1.5639 Å~Li–F!,25 1.40 Å
~Be–F!,34 and 1.295 Å~B–F!35 have been used. The HF


















In the ADC calculations the core orbitals, one for LiF, two
for BeF2, and four for BF3 are kept doubly occupied. The
resulting ADC matrices range in size from 269 to 43 450. Up
to a dimension of about 3200 these matrices have been fully
diagonalized by standard routines; from the other matrices a
large number of eigenvectors and eigenvalues have been ob-
tained by a recently implemented block Lanczos method.21
Because the amount of computed data on the vast num-
ber of triple ionization transitions is enormous, it is impos-
sible to report here all results in detail. We have tabulated
some exemplary data and concise summaries of our results.
Together with the following discussion and the presented
figures the physical content of the data should be sufficiently
enlightened. All data are available on request.
In Fig. 3 the energy distribution of the calculated triply
ionized states for each molecule is shown. As has been dis-
cussed above the quantityN(E)/A(E) can be taken as an
approximation of the total triple ionization cross section and
is therefore given in Fig. 3 instead of only the number of
statesN(E). All curves are scaled to a maximum height of 1
to enable comparison. The results for the three molecules are
quite similar~and also similar to the result for CO, see Fig.
1!, with, however, visible differences in the onset, the posi-
tion of the maximum, and the slope at low energies. To our
knowledge, no experimental data are available for compari-
son.
The distribution in energy of the total 3h weight can be
seen in the Figs. 4–6, where for each tricationic state a ver-
tical bar of height proportional to the total 3h pole strength is
plotted at the corresponding triple ionization energy. One
immediately notes the very rapidly growing number of states
going from LiF to BF3. The number of computed states in
the lower part of the spectrum increases much faster than the
dimension of the ADC matrices, which goes with the fourth
power of the number of electrons in the system. In an energy
FIG. 3. Calculated integrated densityN(E) of triply ionized states for LiF,
BeF2, and BF3. The number of states divided by the square root of the
energy is scaled to reach the maximum height 1 for all three molecules.
FIG. 4. The total 3h pole strength of the triply ionized states of LiF is
shown as a bar spectrum.
FIG. 5. The total 3h pole strength of the triply ionized states of BeF2 is
shown as a bar spectrum.
FIG. 6. The total 3h pole strength of the triply ionized states of BF3 is
shown as a bar spectrum.
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range of 80 eV above the triple ionization threshold we
found 47, 543, and 8111 triply ionized states with a total
three-hole pole strength larger than 0.005 of LiF, BeF2, and
BF3, respectively. Clearly, this enormous growth of the num-
ber of states is accompanied by an increasing complexity of
the corresponding spectra. Whereas the distribution of the
triply ionized states of LiF is readily understood from the
three-hole configurations and the hole localization of the in-
dividual states, an interpretation of the BF3 spectrum based
on the three-hole configurations of the individual states is not
appropriate, not only because of the sheer number of states
but also because of the strong configuration mixing.
1. LiF
The triply ionized states of LiF shown in Fig. 4~see also
Table I! can be divided in five groups which correspond to
different 3h configurations. Between 80 and 90 eV triple
ionization energy the states are characterized by three holes
in the two outermost orbitals 1p and 4s. In this group the
state with the lowest TIP is a4S2 and about 4 eV higher in
energy the doublets appear. The second group from 99 to
115 eV ionization energy comprises the states with one hole
in the 3s orbital and the remaining two holes in one or both
of the two outermost orbitals. Here, as a consequence of the
smaller distance in space of the three holes, the difference
between quartets and doublets is larger and amounts to about
7 eV. All three orbitals which are involved in the ionization
in the first two groups are well localized on the flourine
atom, so that a localization of the three holes at this atom can
be expected. This is confirmed by the three-hole population
analysis, as can be seen in Table I. In the third group with
TIPs between 119 and 127 eV we find states having one hole
in the 2s orbital and again the other two holes in the two
outermost orbitals. Here the states are characterized by a
two-site Li21F22 hole localization reflecting the localization
of the 2s orbital on the Li atom. The fourth group is formed
by only two states which have two holes in the 3s orbital
and one hole in the 1p or 4s orbital, respectively, and there-
fore a localization of all three holes at the fluorine atom. In
the last group above 140 eV there are again states of Li21F22
type with one hole in the 2s orbital, one in the 3s orbital,
and the remaining hole in one of the outermost orbitals.
2. BeF2
Already more involved is the situation for BeF2. In
Table II the lowest 50 calculated states are shown and Table
III summarizes results of the three-hole population analysis.
In the latter the averages over groups of states with similar
character are reported. Three large groups of main states can
be discerned in Fig. 5, the first up to 81 eV triple ionization
nergy, the second from 93 to 106 eV, and the last between
114 and 131 eV. The composition of these groups, however,
is not as homogeneous and easy to survey as it was in the
case of the LiF molecule. One reason for this is the consid-
erable mixing of 3h configurations. Even more important are
the effects due to hole localization at the two equivalent fluo-
rine atoms. The large hole–hole repulsion leads to low-lying
states which have two holes localized on one fluorine atom
TABLE I. Results of the ADC calculation and the three-hole population analysis for triply ionized states of LiF. The first column designates the state, the
second column shows the triple ionization potential~TIP! in eV. The third column gives the total three-hole pole strength and the columns four to seven
contain its distribution to the different contributions of the population analysis. In the last column the square coefficients of the most important configurations
in the ADC eigenvector are shown. The lowest 24 states are shown.
State TIP Total Li23 F23 Li21F22 Li22F21 Configurations
4S2 80.9107 0.7837 0.0000 0.7017 0.0791 0.0028 0.783~1p224s21!
2P 84.9595 0.7965 0.0001 0.7037 0.0889 0.0038 0.615~1p23!0.18~1p214s22!
2D 85.1191 0.7932 0.0000 0.7097 0.0805 0.0029 0.793~1p224s21!
2S2 85.1405 0.7924 0.0000 0.7083 0.0811 0.0030 0.792~1p224s21!
2S1 86.9368 0.7983 0.0000 0.7148 0.0805 0.0029 0.781~1p224s21!
2P 87.1125 0.7938 0.0000 0.7178 0.0737 0.0023 0.599~1p214s22!0.178~1p23!
4S2 99.8016 0.7740 0.0000 0.6871 0.0836 0.0033 0.773~1p223s21!
4P 100.3544 0.7705 0.0000 0.7005 0.0681 0.0018 0.770~1p214s213s21!
2D 107.2227 0.7799 0.0000 0.6910 0.0854 0.0035 0.779~1p223s21!
2P 107.8178 0.7751 0.0000 0.7029 0.0702 0.0021 0.774~1p214s213s21!
2S1 107.9275 0.7754 0.0000 0.7040 0.0692 0.0022 0.401~4s223s21!0.373~1p223s21!
2S1 111.9218 0.7832 0.0000 0.7078 0.0730 0.0024 0.411~1p223s21!0.370~4s223s21!
2S2 114.4700 0.7838 0.0001 0.6713 0.1068 0.0056 0.765~1p223s21!
2P 115.0574 0.7776 0.0000 0.6877 0.0864 0.0034 0.761~1p214s213s21!
4S2 119.5404 0.8397 0.0016 0.0038 0.7642 0.0701 0.839~1p222s21!
2S2 119.6532 0.8372 0.0016 0.0276 0.7403 0.0678 0.820~1p222s21!
4P 120.5201 0.8353 0.0005 0.0022 0.7848 0.0478 0.829~1p214s212s21!
2P 120.7824 0.8326 0.0004 0.0245 0.7631 0.0445 0.811~1p214s212s21!
2D 122.2526 0.8478 0.0016 0.0054 0.7701 0.0706 0.847~1p222s21!
2S1 123.2456 0.8463 0.0013 0.0050 0.7824 0.0576 0.612~1p222s21!0.227~4s222s21!
2P 123.3531 0.8412 0.0006 0.0046 0.7878 0.0482 0.837~1p214s212s21!
2S1 126.1441 0.8452 0.0005 0.0045 0.8010 0.0391 0.596~4s222s21!0.223~1p222s21!
2P 132.2830 0.7598 0.0000 0.6706 0.0856 0.0036 0.733~1p213s22!
2S1 132.8217 0.7564 0.0000 0.6858 0.0689 0.0017 0.732~4s213s22!
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and one hole localized on the other and high-lying counter-
parts with three holes localized on the same atom. These
symmetry-breaking effects cannot be described by
symmetry-restricted Hartree–Fock methods.22 Because of
the large energy differences between the one-site and the
two-site states, tricationic states with corresponding 3h com-
position are found in different groups in the spectrum. By
means of the three-hole population analysis the different
characters of the states with corresponding 3h composition
can be uncovered. The F22F21 two-site and the F23 one-site
contributions to the states of the three groups mentioned
above are shown in Fig. 7~see also Table III!. There is no
hole localization on the Be atom. It can be seen in Fig. 7 that
the first states with one-site localization appear in the second
group. These states correspond in their 3h composition to the
states of the first group and are separated from them essen-
ially by the hole–hole repulsion~see Sec. III C 4!. The same
relation can be found for the one-site localized states of the
TABLE II. Computed triple ionization potentials~TIPs! in eV, total three-hole pole strength~ps!, and 3h composition of tricationic states of BeF2. The
composition is given by the square 3h components of the ADC eigenvectors larger than 0.1 eV. The 3h configurations are indicated by the orbitals which are
occupied in the ground state of BeF2 and from which three electrons are removed. The lowest 50 states are shown.
State TIP ps Configuration
4Pu 71.5035 0.813 0.8129(1pg
221pu
21)

























































































































2Pu 74.2451 0.819 0.8189(1pg
221pu
21)












2Pg 74.5571 0.824 0.8238(1pu
221pg
21)
























2Pg 75.6274 0.824 0.6049(1pg
211pu
22)
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third group and the two-site localized states of the second
group with a somewhat smaller separation in energy. The
arrangement of the states with the same hole localization in
three groups is due to the large energy difference of more
than 23 eV between the 3su and the 3sg orbital. All trica-
tionic states of the first group are characterized by three holes
in the four outermost orbitals. In the second group the two-
site localized states have one hole in one of the energetically
similar 3sg or 2su orbitals. Correspondingly, in the third
group, states with two holes in these orbitals are found. Very
interestingly, because of the similar magnitude of the energy
separation between states with different hole localization and
states with different 3h composition, one-site and two-site
localized states~with different 3h composition! are found in
the same energy region. In these ‘‘mixed groups’’ the hole
localization is less pronounced and the variation of the terms
of the three-hole population analysis in groups of similar
character is larger, which can be seen on the greater standard
deviation in Table III for these groups. This underlines the
general inherent complexity of the energy and character dis-
tribution of the triply ionized states, which can be usefully
interpreted only by resorting to a charge distribution analysis
as employed here.
3. BF3
The tricationic states of BF3 show a very strong mixing
of 3h configurations already at low triple ionization energy.
In Table IV the 65 energetically lowest and some of the
higher-lying states are given together with their total 3h pole
strength and 3h composition of the ADC eigenvector. All 3h
configurations with a square coefficient greater than 0.1 are
reported. There is only one state which is essentially de-
scribed by a single 3h configuration, namely the4A19 state
with a triple ionization energy of 71.9 eV and the 3h con-
figuration 1e9221a29
21. Only very few states have a 3h
composition dominated by a single configuration. For the
vast majority of the states the largest contribution of a single
configuration to the 3h composition is less than 50% of the
total 3h pole strength and for a large number of states with a
3h pole strength greater than 0.1 this ratio is even less than
20%. One example of these is the2E8 state at 81.4 eV, which
has a total 3h pole strength of 0.793 and the largest square
coefficient of 3h configurations is 0.13~of the configuration
1e9222a18
21!; all other 3h configurations contribute with
square coefficients less than 0.1 and therefore are not shown
in Table IV.
Despite the strong mixing of the 3h configurations of
nearly all tricationic states, the total 3h pole strengths of the
states up to a TIP of about 95 eV show an evident regularity
clearly visible in Fig. 6. There are essentially two different
values of the total 3h pole strength of these states, about 0.85
for the lower-lying states and about 0.8 in the following.
This uniformity of the pole strengths over wide energy
ranges is a clear indication of a common physical character
of the underlying tricationic states. From the three-hole
population analysis we learn that these two types of states
differ in the hole localization. The first type, with total pole
strengths of about 0.85, is characterized by a three-site local-
ization with all three holes at different fluorine atoms,
TABLE III. Results of the three-hole population analysis for BeF2. The average over groups of similar states is given and the~ov rlapping! energy ranges
which comprise the states are indicated in the table. The first line for each group shows the average value of the different contributions and the second line
the corresponding standard deviations.
Energy inteval F23 F22F21 Be23 Be22F21 F22Be21 F21F21Be21 Total
71.5035–80.6352 0.0004 0.6509 0.0003 0.0117 0.0495 0.1050 0.8178
~0.0004! ~0.0280! ~0.0001! ~0.0037! ~0.0131! ~0.0222! ~0.0043!
93.3824–105.6995 0.0078 0.5619 0.0004 0.0140 0.0548 0.1072 0.7461
~0.0368! ~0.1061! ~0.0002! ~0.0039! ~0.0236! ~0.0303! ~0.1285!
95.8630–102.6378 0.5213 0.0299 0.0003 0.0112 0.1352 0.0077 0.7056
~0.1469! ~0.0669! ~0.0001! ~0.0033! ~0.0331! ~0.0178! ~0.1683!
114.6959–130.3689 0.4048 0.0087 0.0002 0.0093 0.1147 0.0020 0.5396
~0.1846! ~0.0113! ~0.0001! ~0.0046! ~0.0496! ~0.0027! ~0.2299!
116.5503–127.2600 0.0069 0.3847 0.0005 0.0161 0.0510 0.0885 0.5477
~0.0130! ~0.1579! ~0.0005! ~0.0077! ~0.0225! ~0.0446! ~0.2284!
FIG. 7. The F23 one-site and F22F21 two-site contributions of the three-hole
population to the triply ionized states of BeF2.
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TABLE IV. Same as Table II for triply ionized states of BF3. The lowest 65 and some higher lying states are shown.
State TIP ps Configuration
2E8 70.5964 0.849 0.2970(1a28
223e821)0.1649(1a28
213e822)0.1029(3e823)
4A18 70.6375 0.849 0.5656(1a28
213e822)0.2400(1a28
213e8212e821)
4A19 70.6645 0.850 0.5722(1a28
211e9213e821)0.1242(1a28
211e9212e821)
2E9 70.7001 0.849 0.3065(1a28
221e921)0.1094(3e8221e921)












4A18 70.9845 0.850 0.4817(1a28
211e922)0.2882(1e9213e8211a29
21)
2A29 71.0141 0.852 0.2122~1a28221a2921!0.1880~1a28211e9213e821!0.1173~1e9213e8212e821!0.1076~1e9213e822!
0.1076(3e8221e921)2E8 71.1024 0.852 0.2800(1a28211e922)0.2229(1e9223e821)0.1183(1a28211e9211a2921)
2A18 71.1841 0.851 0.4332(1a28
211e922)0.3228(1e9213e8211a29
21)














2E9 71.7565 0.854 0.3752(1e923)0.2709(1e9221a29
21)0.2062(1a29
221e921)
4A19 71.9302 0.856 0.8562(1e9
221a29
21)
2E8 73.3220 0.849 0.1670(1a28
213e822)0.1547(3e8222e821)0.1180(1a28
222e821)










2E9 73.5493 0.850 0.1539(3e8221e921)0.1491(1a28
211e9212e821)0.1329(1a28
211e9213e821)
4A28 73.5575 0.851 0.6782(1a28
213e8212e821)0.1061(3e8222a18
21)




4E9 73.5811 0.850 0.2407(1e9213e8212e821)0.1693(1a28
211e9212e821)0.1277(1a28
211e9213e821)




















2E9 73.7445 0.851 0.2375(1e9213e8212e821)0.1539(1a28
211e9212e821)0.1049(1a28
211e9213e821)




2E9 73.8659 0.852 0.1261(3e8221e921)0.1192(1e9213e8212e821)0.1107(1a28
211e9212a18
21)
2A18 73.9310 0.851 0.2590(1e9
223e821)0.2298(1e9222e821)0.1007(1e9213e8211a29
21)






4E9 74.0009 0.852 0.2436(1e9213e8212e821)0.1514(1a28
211e9212a18
21)














2E8 74.1639 0.853 0.2308(1e9222e821)0.1673(1e9223e821)0.1101(1e9211a29
212a18
21)














4A18 76.0606 0.845 0.3751(1a28
213e8212e821)0.2919(3e8212e8212a18
21)






2E8 76.3758 0.850 0.1418(3e8222e821)0.1139(1a28
213e8212a18
21)




2A29 76.4896 0.850 0.2441(1e9
213e8212e821)0.1062(1e9212e8212a18
21)
4E9 76.5205 0.849 0.2159(1e9213e8212e821)0.1419(1e9213e8212a18
21)0.1053(1e9212e822)0.1048(1e9212e8212a18
21)
2E9 76.6514 0.850 0.1972(1e9213e8212e821)0.1112(1e9213e8212a18
21)











2E9 76.7614 0.850 0.1696(1e9213e8212e821)










4A29 78.1148 0.797 0.4816(1a28
211e9213e821)0.1985(1a28
211e9212e821)
2E9 78.4528 0.797 0.2328(1a28
221e921)0.1354(1e9213e8212e821)
2E8 78.5227 0.790 0.2563(1e9223e821)0.2416(1a28
211e922)












4E8 78.9664 0.792 0.3679(1a28
211e9211a29
21)0.2703(1e9223e821)




2E8 79.2991 0.847 0.1307(3e8222e821)0.1159(3e8212e8212a18
21)
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whereas the second type shows a two-site localization with
two holes on the same and the third hole on another fluorine
atom. In Table V the results of the population analysis are
given for the lowest triply ionized states~the averages of
groups with similar populations are shown!.
The states of the first type are divided into four groups of
which the last, containing only the two states with TIPs of
79.2991 and 79.4296 eV, is already in the energy region of
the states with a pole strength of about 0.8. This grouping
can be understood from the 3h composition of the ADC
eigenvectors of these states. Because of the strong mixing of
configurations an investigation in terms of single orbitals is
inappropriate. Combining the four outermost orbitals, which
are essentially symmetry adapted combinations of the fluo-
rine lone pairs, into one group and the remaining orbitals into
a second group, the situation becomes clearer. In Fig. 8 the
contributionsl of the fluorine lone pairs to the total 3h com-
positions of the ADC eigenvectors of the states up to a triple






where the sum is over all 3h configurations,cr is the coef-
ficient of the 3h configurationr in the ADC eigenvector, and
nr is the number of fluorine lone pairs in the configurationr .
Thereforel53 means that all 3h configurations which con-
tribute to the corresponding state involve only the fluorine
lone pairs.
Figure 8 shows that the four groups of three-site states
mentioned above are characterized by a different magnitude
of the contributions of outer orbitals. For all states in the first
groupl is greater than 2.5 and reaches the maximum of 3.
Thenl is decreasing and reaches a minimum of about 1 in
the fourth group. The tricationic states are further differenti-
ated in Fig. 8 in the three-site F21F21F21, the two-site
F22F21, the one-site F23, and the remaining states which are
all delocalized. This shows that the first two-site states are
lying between the third and fourth group of three-site states,
having again a contribution of outer orbitals greater than 2.5.
Also for these statesl then decreases with increasing triple
ionization energy. In this case, however, the distribution of
the values ofl are more continuous than for the three-site
states and therefore no arrangement in different groups is
visible in the spectrum. Starting with a TIP of 94.33 eV there
is again a group of three-site states which now have a maxi-
mal value ofl of about 2. These states are the first in which
one of the innermost orbitals~the 1e8 and 1a18 orbitals! con-
tributes to the 3h composition of the ADC eigenvector. The
quite large energy separation between the 1e8 and the fol-
lowing 2a18 orbital of about 21 eV is reflected in the energy
separation between the lowest three-site states and those in-
TABLE IV. ~Continued.!
State TIP ps Configuration
2A19 79.4930 0.791 0.4706(1a28
211e9213e821)










2E8 81.3992 0.793 0.1301~ e9222a18
21
2E8 90.0036 0.793 0.2069(3e8212e8212a18
21)0.2009(2a18
223e821)0.1360(2e8223e821)
2E9 90.5251 0.791 0.2961(1a29
212e8212a18
21)




2E8 91.4056 0.790 0.2093(2e8222a18
21)0.1758(2e823)








2E8 93.2541 0.787 0.4090(2a18
222e821)0.1217(2e8222a18
21)
4A28 94.3251 0.774 0.5193(1a28
213e8211e821)0.1037(1a28
212e8211e821)
2E8 94.4996 0.776 0.2388(1a28
221e821)0.1428(3e8221e821)0.1055(1a28
213e8211e821)
4E9 94.6327 0.745 0.2617(1a28
211e9211e821)0.2081(1e9213e8211e821)
4A29 94.7171 0.369 0.2014(1a28
211e9211e821)





29 94.7552 0.376 0.2035(1a28
211e9211e821)




2E9 94.8385 0.763 0.2288(1e9213e8211e821)0.2054(1a28
211e9211e821)
























2A18 117.0646 0.201 0.1183(2e8
212a18
211e821)









4E9 119.3326 0.475 0.2227(1e9211e822)0.1530(1e9211e8211a18
21)
2A18 119.4264 0.403 0.1722(1a28
211e822)0.1635(3e8211e8211a18
21)
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volving the 1e8 orbital. Correspondingly, above 100 eV
triple ionization energy there is a large group of two-site
states which are characterized by 3h compositions with one
hole in one of the two innermost orbitals. At about the same
energy there are the first F23 one-site states. These have
again a high value ofl greater than 2, indicating that they
are of the same type, concerning the 3h composition, as the
lowest three- and two-site states. The last groups of three-,
two-, and one-site localized states visible in Fig. 8, with val-
ues ofl of about 1, are characterized by 3h compositions
with one more hole in one of the innermost orbitals. The first
delocalized states are found at a triple ionization energy of
about 100 eV. Their values ofl are distributed without an
obvious regularity and are always less than 2. The latter
shows that there are no delocalized states with all three holes
in the fluorine lone pair orbitals.
4. Hole repulsion energies and relaxation effects
Given the pronounced hole localization effects found to
take place in the tricationic fluorides, it seems instructive to
analyze the ADC results in comparison to what can be de-
duced from a simple electrostatic model of the trications. In
order to carry this out, we must first separate, as far as pos-
sible, the energy contributions corresponding to hole repul-
sion and relaxation for the various groups of states with dif-
ferent hole localization patterns. This can be achieved by a
calculation of the triple ionization spectrum within the 3h
space only, because the mixing of 3h configurations allows
for the localization of the holes but relaxation requires the
4h1p configurations. For BF3 we obtain from such a calcu-
lation the centers of the three groups of states with different
localization at the following triple ionization energies: three-
site F21F21F21 states at about 80.5 eV, two-site F22 21
states at about 95.5 eV, and one-site F23 states at about 123.5
eV. In a simple point-charge picture the repulsion of two
holes localized at different fluorine atoms is given by the
inverse distance between them, which, for the BF3 molecule,
amounts to 6.4 eV. The repulsion of two or three holes lo-
calized on one atom cannot be calculated in a simple point-
charge model. This information can, however, be obtained
from the separation in energy of the groups of states with
different localization together with the value for the repul-
sion of two holes on different atoms obtained from the point-
charge model. The energy separation of the three-site and the
TABLE V. Results of the three-hole population analysis for BF3. The average over groups of similar states is given and the energy ranges which comprise
the states are indicated. The first line for each group shows the average value of the different contributions and the second line the corresponding standard
deviations. The last two lines show the results for two individual states. Their TIPs are in the energy range of the last group, but their character is different
from the other states of this group and were therefore considered separately.
Energy interval B23 F23 F22F21 F21F21F21 F22B21 B22F21 F21F21B21 Total
70.5964–71.9302 0.0000 0.0000 0.0293 0.7334 0.0009 0.0030 0.0847 0.8513
~0.0000! ~0.0000! ~0.0157! ~0.0145! ~0.0007! ~0.0013! ~0.0223! ~0.0024!
73.3220–74.4459 0.0001 0.0000 0.0436 0.6465 0.0023 0.0081 0.1507 0.8513
~0.0001! ~0.0000! ~0.0223! ~0.0193! ~0.0011! ~0.0022! ~0.0136! ~0.0019!
76.0606–76.9550 0.0004 0.0001 0.0652 0.5635 0.0052 0.0186 0.1974 0.8503
~0.0002! ~0.0001! ~0.0255! ~0.0229! ~0.0019! ~0.0023! ~0.0073! ~0.0022!
78.1148–93.2541 0.0004 0.0002 0.5963 0.0126 0.0490 0.0142 0.1190 0.7916
~0.0005! ~0.0011! ~0.0584! ~0.0125! ~0.0250! ~0.0103! ~0.0371! ~0.0033!
79.2991 0.0013 0.0002 0.1061 0.4734 0.0112 0.0308 0.2244 0.8475
79.4296 0.0014 0.0003 0.0826 0.4970 0.0095 0.0315 0.2267 0.8490
FIG. 8. The effective number of fluorine lone pair orbitalsl @see Eq.~18!#
contributing to the 3h configurations of the ADC eigenvectors of BF3 for
the F21F21F21 three-site~a!, the F22F21 two-site ~b!, the F23 one-site~c!
localized states and for the remaining~delocalized! states~d!.
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one-site states, for example, is about 43 eV; since the repul-
sion energy in the three-site states can be calculated in the
point-charge model to be about 19 eV, one obtains a repul-
sion energy of the three holes at the same atom of about 62
eV. Similarly, the hole–hole repulsion of two holes at the
same atom is calculated from the separation in energy of the
two-site and the three-site states, giving 21 eV~see also Ref.
22!. These figures are found to hold precisely also for the
BeF2 molecule. In this case the point-charge model repulsion
of two holes on different atoms is 5.1 eV. If we assume that
the repulsion energies of two and three holes on the same
fluorine atom are the same as for the BF3 molecule~namely
21 and 62 eV, respectively! we can now calculate the energy
separation of the one-site and two-site states, yielding a
value of about 31 eV. This value compares very well with
the result of the ADC calculation for BeF2 in the 3h configu-
ration space from which an energy separation of the one-site
and two-site states of about 30.5 eV is obtained.
The comparison of the results of the calculation within
the space of 3h configurations only and of the full second-
order ADC calculation allows us to estimate the relaxation
energy. For BF3, relaxation energies of about 7, 11.5, and 21
eV are found for the three-site, two-site, and one-site states,
respectively. The relaxation energy is quadratic in the hole
charge so that the ratios of the relaxation energies of the
states with different hole localization in a point charge model
are 3:5:9~3 charges of magnitude 1 at different atoms for the
three-site states, a charge of magnitude 2 at one atom and
one of magnitude 1 at another for two-site states, and a
charge of magnitude 3 at one atom for the one-site states!.
The ratios obtained from the ADC calculations for BF3 cor-
respond indeed very well to this simple picture, further un-
derlining the strong hole localization. For BeF2 the relaxation
energies are found to be about 10 and 15 eV for the two-site
and one-site states, respectively. The ratio of these values
corresponds less accurately to the simple point-charge model
ratio of 5:9. This indicates that the hole localization is stron-
ger in the BF3 molecule than in BeF2.
We conclude the discussion of the triply ionized states of
LiF, BeF2, and BF3 with a comparison of the spectra of the
one-site F23 localized states of these molecules. This analy-
sis can be useful for a qualitative interpretation of the shake-
off satellite contributions to the corresponding Auger
spectra.29 Figure 9 shows the bar spectra of the F23 terms of
the three-hole population analysis together with a convolu-
tion of the bar spectra with Gaussian functions of full width
at half-maximum of 1 eV. The spectra of LiF and BeF2 are
very similar. The main difference is a shift in energy of about
15 eV due to the symmetry-breaking localization effects in
BeF2 leading to a large energy split between the one-site and
the two-site localized tricationic states. In both spectra the
individual features are due to the strong contributions of a
few states. This situation changes drastically for the BF3
molecule. Here a much larger number of states contributes
and therefore the shape of the spectrum is produced by the
sum of very many rather small contributions.
IV. SUMMARY AND CONCLUSIONS
The newly implemented second-order ADC approxima-
tion of the three-particle propagator has been used for the
theoretical study of triple ionization of molecules. This
method enables the accurate calculation of a very large num-
ber of triple ionization energies and corresponding transition
amplitudes. To analyze the ADC eigenvectors the atomic
three-hole population analysis has been developed. From this
analysis information is obtained about the charge distribution
and space localization of electron vacancies in the dense
manifold of tricationic states.
In exemplary applications it has been demonstrated that
the calculation of a large number of triply ionized states and
the investigation of localization effects using the three-hole
population analysis are very helpful for the theoretical under-
standing of the triple ionization of molecules and for the
interpretation of the rapidly growing body of experimental
data on molecular trications. The application of our method
to the triple ionization cross section of carbon monoxide has
given strong evidence that a vast number of molecular trica-
tionic states are produced in experiments with high energy
projectiles. An interpretation of available experimental data
on the base of only a few low-lying triply ionized states is
therefore not reliable. Shake-off processes in Auger spectros-
copy lead to triply ionized final states. On the example of the
Auger spectrum of LiF it has been shown that with an accu-
FIG. 9. The F23 one-site terms for LiF, BeF2, and BF3 as a bar spectrum
and convoluted with Gaussian functions of full width at half-maximum of
1.0 eV.
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rate calculation of the triple ionization potentials and an es-
timate of the Auger intensities based on the three-hole popu-
lation analysis the shake-off satellite bands can be
reproduced with satisfactory accuracy.
From the study of the triple ionization of the fluorides
LiF, BeF2, and BF3 it becomes evident how the number of
relevant tricationic states grows very rapidly with the size of
the molecule. This rapid growth of the density of states is
accompanied by an increasing mixing of configurations. It is
clear from these results that conventional self-consistent field
methods cannot be used in these studies, while for more
adequate CI methods the numerical effort becomes prohibi-
tive because of the large number of states which has to be
calculated.
In spite of the very large number of triply ionized states
and the complexity of the corresponding spectra the overall
pattern of the distribution and grouping of states can be ex-
plained in simple terms. With help of the atomic three-hole
population analysis the charge distribution over the trication
can be studied. The population analysis yields a decomposi-
tion of the total three-hole pole strength in contributions de-
scribing the localization of the three holes on the same, on
two, or on three different atoms. Because of the different
hole repulsion energies in the differently localized states, this
information enables an explanation of the triple ionization
spectra in terms of the 3h composition of the calculated
states.
In the experimental observations, the effects of nuclear
dynamics on the triply ionized states going beyond the analy-
sis of vertical transitions can of course be relevant. This is in
general an extremely difficult subject for theoretical analysis,
as it may require detailed knowledge of the whole potential
energy surfaces for an enormous number of states and of the
nonadiabatic couplings among them. In the case of decay
spectroscopies~Auger! these effects are, for the fluoride
compounds discussed in the present work, uniform and of
minor importance. They can in general be effectively esti-
mated by the methods developed in Ref. 33~see for example
Ref. 14!. The total dissociation cross section of trications has
been found to be largely governed, instead, by the very dense
energy distribution of triply ionized states. We hope to have
shown that the methods presented here have a wide range of
applicability and constitute a suitable instrument for the in-
vestigation and understanding of molecular triple ionization
processes.
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